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BRANCHED STRUCTURES AND AFFINE AND
PROJECTIVE BUNDLES ON RIEMANN SURFACES

BY

RICHARD MANDELBAUM

ABSTRACT. A classification for analytic branched G-structures on a
Riemann surface M is provided by means of a map ¢G into the moduli
spaces of flat G-bundles on M. (G = GA (1, C) or PL(1, C).) Conditions
are determined under which q’)G is injective and these conditions are
related to the total branching order of the G-structures. A decomposition
of the space of analytic branched G-structures into a disjoint union of
analytic varieties is exhibited and it is shown that QSG is is fact holomor-

phic on each such variety.

1. Introduction. Continuing the study of branched affine and projective struc-
tures on Riemann surfaces begun in [12], we seek to classify such structures by
means of their branching orders and their coordinate cohomology classes. In addi-
tion we investigate the space of branched structures with fixed branching order
and relate this space to that of the space of flat (unstable) projective and affine
bundles.

Briefly the contents of this paper are the following. $2 develops the notation
and terminology to be used and defines the structures to be studied. In $3 we

exhibit the existence of maps j,, (v =1, 2) from (M) = {space of branched affine
structures on M} and P(M) = {space of branched projective structures on M}

(where M is a fixed Riemann surface of genus g) to Hl(M, GA (1, C)) and

HI(M, PL(1, C)) respectively, where GA (m, C) and PL (m, C) are the general
affine and projective groups of rank m with coefficients in C). We also show that
if ® e HI(M, GA (1, C)) (resp. HI(M, PL (1, C)) arises from a flat vector bundle

T € H'(M, SA(2, C)) (resp. H!(M, SL (2, C)) (where SA(2, C) CSL(2, C) is the sub-
set of upper triangular matrices of SL (2, C). Then ® is the coordinate class of
some affine (resp. projective) structure on M. $$4 and 5 then discuss the converse
situation of when the coordinate cohomology class of a branched structure does in

fact arise from a flat vector bundle. We prove that this is always the case for
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coordinate cohomology classes of affine structures. For cohomology classes of
projective structures we show that a sufficient condition that they arise from flat
vector bundles is that they possess a nonlocally constant cross-section with even
total branching order. We then use the above facts to show that in the projective
case if two projective structures determine the same cohomology class and both
structures have even total branching order less than or equal to 2g — 2 then they
must be projectively equivalent. In the case where either branching order is even
and greater than or equal to 2g we give sufficient additional conditions to guaran-
tee that the structures are projectively equivalent.

For the affine case we similarly prove that the map j,: QM) — H'(M, GA(L, ©))
is injective when restricted to structures with total branching order 2g — 2. For
other branching orders we again give sufficient conditions to guarantee that two
affine structures determining the same cohomology class are affinely equivalent
and relate these conditions to the distribution of Weierstrass points on M.

Lastly in $$6 and 7 we show that if for any nonnegative integer k, oV C P(m)
and V,C (®(M) denote the subset of structures of total branching order & then both
Vi and ,V, are finite unions of analytic subvarieties and j, (v =1, 2) is holo-
morphic when restricted to such a subvariety. We thus get an injection p of
UizE~! v, into H'(M, PL(1, ©)) and V,__, into H'(M, GA(L, €)) which is
‘almost’ holomorphic in the first case and in fact holomorphic in the second.

2. Notation and terminology. We recall some pertinent facts and terminology
from [12]. Let {U,, z,} be a coordinate cover for a Riemann surface M. Suppose
for each a, W : U, — Y_ is a meromorphic function on U, to the open subset
Y, of the complex projective line P. We note that this implies W : U, — Y is
a locally branched covering map, and we let O/(p) denote the branching order of
{ at p. Suppose further that for each nonempty intersection U, N Ug there exists
a meromorphic homeomorphism ¢>a,8: Wﬁ(Uaﬂ U,B) — Wa(Ua N Uﬁ) such that
W, = anB °oWg on U, N Ug. Then we shall say {U,, W,, ¢a,8} is an analytic
branched cover on M. An analytic branched structure on M is then simply an
equivalence class of covers (where two branched covers are equivalent if their
union is a branched cover). It is easily verifiable that branching orders are pre-
served by the above equivalence relation and we can speak of the branch points
of a structure.

By adding the restriction that all the homeomorphisms ¢>aB belong to some
pseudo-group G of meromorphic transformations of P we can also speak of ana-
lytic branched G-structures on M. The only such structures arise when G = PL(1, C)
or when G = GA(1, C) and we call such structures projective or affine branched
structures on the Riemann surface M. We note that if M has such a branched

G-structure [U], then we can always choose a representative branched G-cover
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{U,» W} of M such that each U, has at most one branch point and no branch
point p is in two or more distinct U ’s. Furthermore if U, has no branch points
then W_ is in fact a homeomorphism. We call such a cover a restricted cover on M
and henceforth tacitly assume all our covers are restricted.

Now given a branched analytic cover {U_, W,} on M we can canonically
peM Owa(l’)' p (for some a
such that p € U,). If M is compact EpeM Owa(p)-p is a finite sum and therefore

associate to it the positive divisor (U, W }) = Z

recalling that branching orders are invariants of the structure represented by
{U,» W,} we have a map 9: {branched structures on M} — {positive divisors on M}.
Given a positive divisor 9 on M we shall say a branched analytic structure is of
type 9 if and only if, for some representative {U_, W} of that structure,
U, Wl =D, We let BUU,, W) =deg D =X ., Oy (p) and call this the
branching order of the structure. We shall also let |{U,, W }| = 19| =
card{pj € MIOWa(pI.) # 0} (i.e. |{Ug W, 1| is the number of distinct points of 9).
Now suppose fUa, W_} is a branched affine structure with a branch point of
order r — 1 at b;- Thus, locally in U, 3 b;, we have that W, = [ga(za)] ¥ where
g4 Za(Ua) — C is a holomorphic function with 8,(0) =0, g;(O) #0 and za(p].) =0.
However affine transformations preserve poles so that in contradistinction
to the projective case [g (z,)] * is not equivalent to [g (z )77, Thus, in addi-
tion to specifying the order of a branch point, we must also specify whether it
arises from a pole or not. To this end we introduce the notion of the class divisor
X of an affine structure as follows:
Suppose {U,, W,} represents an affine structure on M with poles of order
-V, ats, (j=1,-++, 0) and holomorphic branch points of order - 1 at b;»

j=1,--+, n. (We note that Oy, (s].) = lel - 1.) We now define the class divisor
i

XUg Wl = 2 (5= e Ty = D s,

]

We thus have a map

x: (Affine structures on M) — {Divisors on M}.

Given a divisor ¥ on M we say an affine structure represented by {U,, W } is of
class x iff x{U,, W} = x. We let p(x)= deg x and |x|={number of distinct points
in x} and recall, by Proposition 4 of [12], p(foa, Wa}) = 2g — 2 for any affine
cover {U,, W 1. We call a coordinate cover {U_, W,} regular iff W is into C for
all a. Since this property is preserved under affine transformation we shall say
{U,» W 1 represents a regular affine structure iff it is a regular affine cover. We
immediately see that the affine cover {U,, W } is regular iff x{U , W } is a posi-
tive divisor or equivalently iff x{U_, W, 1= 9{v, W}

In what follows we fix M as a compact Riemann surface of genus g > 2.
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3. Branched structures and flat vector bundles. We now turn to study the rela-
tionship between branched structures and bundles on a Riemann surface. Follow-
ing the notation of [5], [6] suppose U= {U Wy, anﬁ} represents a projective or
affine branched structure on the Riemann surface M. We immediately note that the
transition functions {d)aﬁ} satisfy ¢aﬁ = ¢>’gal and d)anSﬁ,y = ¢, and therefore
define a cocycle in Zl('u, PL (1, C)) or Zl(“, GA (1, C)). Furthermore equivalent
representative covers define equivalent cocycles and this equivalence is preserved

under refinement. In the obvious fashion we then have

Lemma 1. There exist canonical mappings j,, j, Such that
i
@(M) —— H'(M, GA(1, C))

v i*

?(M)—Iz—> HY(M, PL(1, C))

is a commutative diagram (where v: AM) — P(M) and i: GA(1, C) — PL(1, C)

are the natural injections).

We thus see that to each projective (or affine) structure on M there corresponds
a flat fiber bundle (or equivalently a coordinate cohomology class). (See [10, p. 41]
for details on why this is a bundle.) A flat projective (affine) bundle correspond-
ing in this fashion to some structure on M will then be called an indigenous
bundle on M. We note that if a flat bundle ¢ (projective or affine) on M has a
nonlocally flat meromorphic cross-section {W,} then, since M is connected and
W, is not constant for some a, {Wa¥ is not constant for all a. Thus such a cross-

section induces a projective (resp. affine) structure on M. We thus see

Lemma 2. Suppose ¢ € H'(M, PL(1, C)) (H'(M, GA(1, C))). Then ¢ is

indigenous iff ¢ bas a nonlocally flat meromorphic cross-section.

We can proceed further by relating the indigenous projective and affine bundles

to flat vector bundles on M. We recall the exact sequences

©
0 — () = SL(2, C) —25PL(1,C) — 0

I
0 = (1) — SA(2, €©) —— GA(1, C) — 0
We now produce the corresponding cohomology diagram

H(M, SA(2, ©)) —pl—rHl(M, GA(1, C))

i* i*

1 K 1
H (M, SL(2, C)) —=——H'(M, PL(1, C)).
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Now if ¢ =p (T) (v=1,2) for some T € HY(M, SL(2, ©) (or H(M, SA(2, C))
we shall say that ¢ is associated to the flat vector (triangular) bundle T, or is
represented by T. We shall then call pl(Hl(M, SA(2, C)) the set of associated
flat affine bundle and ;LZ(HI(M, SL (2, C)) the set of associated flat projective
bundles.

Explicitly (see [6]) if ¢ € H'(M, PL(1, C)) (or H (M, GA (1, C)) we can locally
always represent ¢, 5 by T 5 €SL(2, C)) (or SA(2, C)) which is uniquely deter-
mined up to + 1. The cocycle condition on ¢, n?mely ¢a,3¢,6'y = oy when
u,n U,B nu, # 0 simply means that Taﬁ Tﬁ'y =+ Ta,y. If we can pick the signs of the
various matrices so that the + signs always hold then in fact ¢ is an associated
bundle.

We then have
Theorem 1. Every associated bundle is indigenous.

Proof. It suffices to show 3 (HY(M, SL(2, C)) C i,(P(M)) since the proof is
identical for the affine case. So suppose ¢ € p;‘(Hl(M, SL(2, C)). Thus ¢ is an
associated bundle on M and for some flat vector bundle T € H}(M, SL (2, C) we
have ¢ = u’{(T). Now by [5, Theorems 7, 9] we have M) =MD M where we
again recall that J(T) are the meromorphic cross-sections of T, while M is simply
the sheaf of germs of meromorphic functions on M. We can thus find two linearly

independent meromorphic functions f;, f, such that

(F,) - (;Ia> e T'(M, M(T))

2a

is the image of

</1> e (M, M ® M)
/,

under the induced isomorphism of T'(M, (7)) =~ T'(M, M & M) and [ [5a are
locally linearly independent (so neither is identically zero).
Now let W = /1a//2a for each a. We note immediately that W, is a noncon-

stant local meromorphic function on U, . Furthermore, if we have

%p bag
Top= (caﬁ daﬁ>,

thenin U_ NU,; £0 we will have
a B

(/1a> . (aa,B/IB+ baﬁf2ﬁ>_
f2) = cgWip+ daphp)’
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Thus
Wa = (aaBWB + ba,B)/(CaﬁW,B + dO.B)'

Thus {W,} represents some W € ['(M, (@) - I'(M, F(#)) and so by Lemma 2 ¢
is indigenous.

For future use if W € ['(M, m(d))) we shall let @w = szM Ow(p) +p and
BW) = Epe M
W respectively. We also recall that O(¢) is the sheaf of holomorphic cross-sec-

0y(p) = B(9}) be the branching divisor and total branching order of

tions of ¢, for any bundle ¢.

4. Projective bundles. Having shown that all associated bundles are indigenous

we next ask which indigenous bundles are associated. We then have

Theorem 2. Suppose ¢ is an indigenous projective bundle with a nonlocally

flat holomorphic cross-section
W= {w,} e (M, O,

such that B(W)) = 2j for some integer j> 0. Then there exists a special linear
vector bundle T € H'(M, SL(2, C)) such that ¢ is associated to T. Furthermore
there exists a flat line bundle & and a meromorphic section k = {(kla, kZa)} €
I'(M, ME ® T)) such that W, =k /k,,. If, in addition, BW,) <2g — 2 then k

is a holomorphic section.

Proof. Since ¢ is indigenous we can select a projective cover {U,, W, ¢a,3§
on M which is mapped into ¢. Representing ¢ by (¢, ) € z'(U, PL (1, C)), for

each q,’)aB we can select a matrix

a b
Ty~ < oh “ﬁ> € sL(2, C)
af %ap

such that

Wa(P) = (aaBWB(P) + baﬁ)/(caﬁWB(P) + daﬁ) = ¢aﬁ o WB(P) for p e Uy N Uﬁ‘

We now define )\aB(p) = dWB/dWa = [q');'ﬁ(WIB(p)]'l for pel, N U,B‘ We recall
that we can write W _ = ho(z,) for some holomorphic b, € Oza(ua) and that

dWg/dZg by
AaB(p) = W(?) = ;:Kaﬁ(p) where k = {Kaﬁf

is the canonical bundle on M. Writing Ha/3 = bllg/b; we clearly see that {HaB}
represents a line bundle H € HY(M, O*) and therefore )‘a,B =KagHap similarly
represents a line bundle A € H'(M, O%). Then we have C()‘aﬁ) = C(KaIB) + C(Ha.,B)
=2g—-2+ C(Haﬁ) (where c(A) is the Chern class of A).
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However if we let f, ={1/h,} we immediately see that {f,} is a cross-section

of {H,5} and therefore
)= T vifd=- v bl=- Y o, (p) = -2
af p;M pla p;M pa peZM LS
Thus c(A) = 2g — 2 = 2j = 2m where m > 0 if and only if B(W,) =2j<2g — 2. Now
suppose m > 0 and select m distinct points p,+++, p_ and let ¢= =T ;i
where CP‘ is a point bundle [4, p. 114] and £ =1 if m = 0. Now write &= nA
1
for some complex line bundle 7 and since c(£) =2m = c(A) we can assume
nE€ HY(M, C*). Since £ is a product of point bundles ét,. we can find a section
. 1

g =(g) e T(M, O(&)) such thar D(g) = 377 2.p, (where g is a nonzero constant
if m=0).

Now by computation we see that for p € U, N U/3’ /\aﬁ(p) = [¢'fll,3]—l =
(oW s(p) + daﬁ)z. Thus the condition that g be a section is just that g (p) =
naﬁ(caﬁwﬂ(p) + daﬁ(p))zgﬁ(p) where 7,; represents 7. Since the divisor of g
is even at each point we can select a well-defined branch of kZa(p) = \/ga(p)
which is analytic in U, and such that for p € U, N Ug

k, (p) = ‘Sa,e « (o Ws(p) + dyp)k, 5(p)

where ga,B represents a flat line bundle & such that &2 = 7. Introducing the holo-
morphic functions kla(p) = Wa(p) “k,y a(p) we see that

ko (0) = &, a5k, 5(p) + bygk, 5(0)),

kza(P) = ga,B(chkl 3 (P) + daﬁkz ,B(P))-

k
lar ®2a
and therefore it follows that the matrices Sa,@ = gaﬁTaﬁ satisfy Sa,BS,B'y = Sa_y

and thus represent an element § € H'(M, GL (2, C)). If we divide Sa,B by the

Since W, is not constant, the functions & are clearly linearly independent

square root of its determinant = ga,e we will then have Taﬁ representing

T € H'(M, SL(2, C)) and % (T) = ¢. Furthermore clearly we will have k= (kg By )

e (M, O(& ® 7)) with &, /ky, = W,.
Now, in the general case of m not necessarily positive, we can still pick a

finite number of distinct points p,--+, Pp> Sp»* s s, subject to the restriction

| — k=m. We then let

Then since (&) =—-2k+ 2] =2(1 — k) = 2m we will again have & = 7\ for some
1 € H(M, C*) and we can find a section {g,} € DM, (&) such that

k !
V)= 3 2-p,+ X 205,
i= ;=1
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The rest of the proof now goes through as before except that {k,} is now a mero-
morphic rather than a holomorphic section.
We now return to the map j,: P(M) — H(M, PL(1, C)) and consider to what

extent a projective bundle determines a specific projective structure.

Theorem 3. Suppose {U , w, ¢a,8 b {U s Wy gaﬁ} represent projective struc-
tures of type @l and @2 respectively with B(@l) = 2j, B(@Z) =2k for some
integers j, ky with 2j < 2g — 2 and 2k <2g — 2. Then if {U_, w,, ¢a,,3} and
{U, W, gaﬁl are both mapped into the same projective bundle ¢ under j,, then
{Ua, wa} is projectively equivalent to {Ua, %a} and @l = @2.

Proof. Let {U_, w,, bagp U, Wy, ¢a,3} be as in the hypothesis of the
theorem. Applying Theorem 2 to the indigenous bundle ¢ determined by {U,, w,, d)aﬁ}

and {U,, ¥, ’q?;a } we can select a flat vector bundle T represented by (Ta,B) €
z(U, SL(2, C)), flat line bundles &, 7 represented by (faﬁ)’ (naﬁ), and holomor-

phic sections

g =180 8,08 €T, OE®TY, b =1(b, by} €T, Oy @ TY),
such that

() = (8,4/2,) () and T(p) = (b0 /bo) (p)

~
(whefe we have assumed, without loss of generality, that ¢‘aﬁ = anB).

We now construct the matrices

g1a0) by (p) U
F(p) = £,.0) b, p) for p € U,

which are meromorphic in each U, and we note that

& 0

Fa(P) = Ta.ﬁ . F,B(p) . < 0

) for p € Uy N Ug.

Y]

Letting G (p) = det F,(p) for p € U, we see immediately that (G,) € I'(M, MEN).
But c(én) = 0 so either G, =0 or 2 Vp(Ga) = 0. However noting that w, - W,

can be chosen holomorphic for each a we get

Z Vp(Ga) = Z Vp(gla.bZa. — 824 bla) = Z Vp((wa - a;a)gZabZJ

pEM peEM peEM
~
= 2 v, - W)+ 2 vyl ) + 2 v,(hy)
pEM pEM pEM

2 Z Vp(g2a + Z Vp(bZa)'

pEM pEM
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But, noting the proof of Theorem 2, we see that

peZM Vp(gza) =g-1-;7 and PEZM Vp(})a) =g-1-k
Thus 2. v,(Go) > 2g — 2= (j + k).
_ Thus if either j<g—1 or k<g—1 we have EpeM Vp(G ) >0 so that G, =0.

Therefore (81a’ g2a) and (bla, hZa) are everywhere linearly dependent and
w, =W, for all a.

However if j=k =g — 1 we note immediately by the proof of Theorem 2 that
8,4 and b, are holomorphic cross-sections of a and thus constants.

Furthermore {G_} is holomorphic so that either G,=0 or faﬁnaﬁ =~ 1 and
G, is also a constant. In either case G, = (w - 'zb’a)gZsza = constant implies
w, — W, is constant for each a and thus {U,» w,} is projectively equivalent to
U, W}

We can generalize this result to the case where either 2j>2g —2 or 2k>2g -2
by simply noting that if w, and W, have a zero of order m at some point p, then

in fact 2 v (G)>2¢ —2 = (j+ k) + m. Thus we immediately derive:

DEM P
Corollary 3.1. Suppose {U, w,, bap bhiu,, Wy, g{)aﬁ} represent projective
Structure of type @0 + 3)1 and :5)0 + @2 respectively where B(@O + @1) = 2j;
B(9, +9,) =2k and B(9)) <2g -2, B(9, ) < 2g — 2. Suppose there exists
A, € PL(1, C) such that A, © Bop=bap° Ay and A 0 ® wo(p) =W (p,) for
i=1,evv, n where :5) 2”” (r -1. b, > 0. Then {Ua, w,} is projectively

equivalent to {U , ¥ }

5. Affine bundles. In the case of affine bundles the situation is a bit better
than in the projective case. Clearly every affine bundle ¢ arising out of an affine
cover {U,, W, ¢a,8} can be represented by means of a flat triangular bundle
{Ta,B} (this follows from a straightforward calculation). Thus every indigenous
bundle is associated. We thus turn to the question of to what extent an affine
bundle determines a specific affine structure. Letting )ﬁp(/) be the meromorphic
(principal) part of the meromorphic function / in a neighborhood of the point p, we

have

Theorem 4. Suppose {U , w,, ¢a,8 b AU, Wy anﬁ} represent affine struc-
tures of class

i r, -1 p+Z(v—l) s

and

= f;(l]-—l)-qj+z (v].—l)-s
j=1

j:

respectively.
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Then if there exist A € GA(1, C) such that (i) A, ° ¢, ag ° A" = ¢ and (ii)
31( W) = ?II (A °ow,) for j=1,++,0. Then {U,, w} is a[/znely equivalent to
{Ua’ w }

Before proving this theorem we extract the case of 0 = 0 as a separate corol-

lary. We recall that a regular affine structure is one without poles.

Corollary 4.1. Suppose {U,, w}, {U , W} represent regular affine structures
with j U, wl=7{U,, ¥, 1

Then {Uy wot~, U, W1

Proof of Theorem 4. We note that for p € U, N Ug we can write A, © w,(p) =

aaﬁ(Aﬁ ° w,B)(p) + b,z and w (p) = “aﬁwﬁ([’),\j" bag for constants a,5 € C*,
bop € C representing the transition function ¢, ap+ Letting V, = A ow,— W,

for any a, we see that since m (A o w )— )T( (w ) that V_ € @ . Furthermore
for pe U, N U,B we have V (p) = aaﬁV,B(p) so that (v) € F(M, C(a)) But then
either V, =0 or dop ™~ 1 and V_ is constant. In either case A o w = wa + K

for some K € C so that {U,, w}~, {U,, @,}. Using the methods of [9], [16]

we can alter the hypothesis to get

Theorem 4'. Suppose U, w,, d)aﬁ}, {U > wys d)aﬁ} represent affine struc-
tures of class x and X respectively. Suppose further jl{Ua, wyt= jl{Ua, w i
Then writing X — X as the difference of two positive divisors G = 8, if either

a, or a is not a special divisor then {U , w } ~afn {U, W,k

Proof. We recall that a positive divisor a is a special divisor if and only if
there exists a nonconstant meromorphic function f € WM such tf&at () > - a.

Now we can assume without loss of generality that ¢)a/3 = ¢'a,B' We shall
represent (;Saﬁ(x) by a,p% + byg for some a5 € C* b, € C. We then have
for p € Uy NUg; wy(p) = ayqw,(p) + byg and W,(p) = a, 51 5(p) + by 5. Thus
d@a/dwp =d,p = dwa/dwp and therefore if we let f, = dw_/d W, we see that in
u,n U,B; f= dw /dW, = dwﬁ/d%ﬁ = /B' Thus the family {/,} induces a global
meromorphic function f such that

N =X v,w)p- X v,@)p=x-%
pEM peEM

But x-X=0,-a,.S0a —a = 9(f) and a, - a, = 9(1/f) and since
either a_ or a, is not a special divisor / must be constant. Thus dw/dW, =
K,€ C* and so w, = K@, + L, for some L € C. Therefore {U,, w,} ~af
{U,, w,l

Clearly if x¥ =X the conclusion of the theorem trivially holds thus giving an
alternate proof of Corollary 4.1. Furthermore applying the theorem to the case of

divisors of the form 9 = m.p we immediately deduce
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Corollary 4.2. Suppose {U_, W, ¢al3 b {U s Wa, q’)aB} represent affine struc-
tures of class X + my-p, and X + m,-p, respectively. Suppose also that
jl(fUa, W= jl(fUa, Wai). Then if r, is the first nongap in the Weierstrass gap

sequence at p, and if for some i, |m | <r, then W Wt~ U, Wa}.

Considering positive divisors of degree n as elements of S"M (the n-fold
symmetric product of M) we note that by [13], [14], [15] for r < g there exists a
proper analytic subset A C S'M consisting of all the special divisors of degree

<r. We thus get

Corollary 4.3. Suppose {U,, w,, anB}, {U,, Wy, ;aﬁ} represent affine struc-
tures of class X, X respectively. Suppose further that jlfUa, wot=7,1Ug W, 1.
Then if X - X = a,- a, where both a, and a, are positive divisors with B(az)
=r, <g and B( ap) =1, < g. Then there exists analytic subsets A C "M and
Ay CS™M such that if o €S"M — Ay orif a €STM = A, then {Ug w,} ~

U, w1

afn

By a theorem of Meis [13] the set of Riemann surfaces of genus g (g >2)
admitting a special divisor of degree less than [(g + 3)/2] (where [ ] is the largest
integer function) form a proper analytic subset of the Teichmiiller space Mg of
Riemann surfaces of genus g. Thus ‘in general’ a Riemann surface M of genus g
will not have any such special divisors and if either r; or 7, in Corollary 4.3 is
less than [(g + 3)/2] the conclusion of that corollary will automatically hold on M.

We should note that if 7 is equal to the smallest number of sheets for which
M admits a realization over P then M will always have an indigenous bundle ¢
such that if {w_} e"(M, M) - T(M, F($)) then Blw,}>2g — 2 + 2r.

For example, the identity bundle of M will not admit nonlocally constant
cross sections (i.e. functions) with B(f) < 2g — 2 + 2r. Again therefore by [13] we
have that ‘in general’ (i.e. except for Riemann surfaces contained in a proper analytic
subset Ag of Mg) a Riemann surface M will always admit an affine bundle ¢
such that ¢ has no nonlocally constant cross sections {w,} with Blw ) <2g -2
+2(g + 3)/2). Thus if {w,} € (M, M(®)) - T(M, F(¢p)) then Blw,) > 2g — 2+
2[(g + 3)/2] > 3g. Summing all this up we have

Corollary 4.4. Let Mg be the Teichmiiller space of Riemann surfaces of genus
g2 2.
Then there exists a proper analytic subset A of M_ such that
() If MeM_ —A_ then there exists ¢ € i1(A(M)) such that {w,} €
(M, M) - T(M, F(B)) implies Blw,) > 2g — 2+ 2 [(g + 3)/2] > 3g, while if
(ii) M € A _ then there exists ¢ € i,(A(M)) and an integer r where 2 <1<
[(g + 3)/2] such that
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{w,} € (M, M(a)) - TM, F(p) =>Blw,) > 28 - 2+ 2r > 25 + 2
with r=2 only for hyperelliptic surfaces.

6. Analytic structure on P(M). We now return to Lemma 1 for a more thorough
study of the spaces (M), P(M) and the maps iy» 7o+ We begin with P(m).
Suppose

i=B i=n
9= 1:85,=3 (. ~1)-p,
i=1

j:l
is a positive divisor on M (where the p].’s are the distinct points among the §.’s
and the s are > 2). We then let

-1 r, -1 r -1

ngl gp; ...4;;,

- T ¢, =¢, ¢, ¢,

{distinct sl} z n

We now form the vector spaces I'(M, @(Kzf,b)) and T'(M, O(Kz%)) and we consider
I'(M, O(’¢gp)) a subset of T'(M, O(Kzf,b)) under the natural inclusion induced by

the isomorphisms
(M, G(Kzéb)) A {meromorphic quadratic differentials f
such that div(f) + 9 > 0},

(M, O(KZQSD» N{meromorphic quadratic differentials f
i=n
such that div(f) + 3° 1. p.> 0}
i=1

where div(f) is the divisor of f. See [4, p. 58] for the isomorphism in question.
Thinking of the positive divisors 9 of degree B as points in SBM we can

now form the spaces

By =19, )[D e SBM and x e T(M, OPEY,

g =19, %) e SBM and x e (M, O«? ‘D))}

where we consider '58 as a subset of %B’

We can also associate to any divisor 9 the space Vo = {projective structures
of type O on M} and to any nonnegative integer B the space , Vg = {(9,%)]9 €
SBM and x € V‘D} C P(M). Under the isomorphism of Theorem 3 of [12] we consider
pV'D as an affme subvariety of I'(M, O(x? ¢g)) (where we note that by [12, Theorem
3] if deg O = B(9) <2g —2 then oD

'D)’ Now for any positive integer B let

contains a 3g — 3 dimensional submanifold
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@B(M) ={(pyee, pp) € SBM| for some i, j with
1<i,j<B and i;éj,pi:p,.},

TBm=sBm - Q.
We then have

Lemma 3. Let B be a positive integer. Then

(1) Vg CHpC By and V, =5, =8, =M, Ok

2) %B — SBM is a bolomorphic vector bundle with fiber C38~3+B 4pd pase
space SBM under the natural projection map (9, x) — 9,

(3) @BITBM = %BlTBM and therefore ?QB|TBM — TBM is also a holomorphic

vector bundle under the restricted projection map of BB — SBum.

Proof. Assertion (1) follows directly from the definitions and Corollary 2-1 of [12].

If assertion (2) is true then so is assertion (3), again by simply checking the
relevant definitions. We note that TB(M) is a dense open subset of SBM and is in
fact simply SBM — {an affine variety of codim 1} (i.e. @;(M) is simply a union of
intersecting hyperplanes in SBM). To prove our lemma it suffices to prove assertion
(2). So let vy = (disjoint) Ug, cp,, f’D' Recalling that for any 9 € SBM, £ is a
holomorphic line bundle over M we note that the techniques of the proof of Theorem
6.1 of [14] applied to vp show that v — SBMx M — sBM is a complex analytic
family of holomorphic line bundles over M indexed by the parameter space sBu.
But then by Theorem 18.1 of [11], if the value of dim I'(M, O(Kztf)) is independent
of DeSBM then

(disjoint) U I'(M, @(Kzfﬁ)) =1(9,x)|9 € SBM and x (M, O(KZE,D)} = 88
DesBm

is a holomorphic vector bundle over SBM under the natural projection (9, x) — 9.
However by the Riemann-Roch theorem dim I'(M, O(KZE,D)) =3g -3+ B(9) and
B(9) = B.

Now again for any positive integer B let Part(B) be the set of partitions of B
and let Part(0) = {0}. If o € Part(B) we will represent o as a finite sequence of
positive integers (0 -0 ) (n>1) such that 27 o = B. (Note. We are distin-
guishing between two partitions with different orderings.) We let |o| denote the
length of the sequence defining 0. Now suppose we henceforth identify S”M with
a fundamental region in M” isomorphic to it under Perm(n). (The permutation group
on n letters acting on M”.) Thus every element P in S”M has a unique representa-
tion as (pl cee pn) € M", Similarly of course, the elements of T"M are also uniquely
representable elements in M”. Then for any o € Part(B) we let 3M={de¢ SBM|
for some (p, -- -pn) € TlalM; 9= 2::|10| o,-p,} and M = {0} = $°M.

We shall also let 0, € Part(B) represent the distinguished partition



50 RICHARD MANDELBAUM

(1,1,-++,1) € ZB and for any positive integer 1 < n < B, Part_(B) = {o € Part (B)|

lo] = n}. We immediately see

Lemma 4. Let B, n be positive integers with 1 <n < B. Then
B ... o
(1) $®M = (disjoint) UUGPan(B) 27 M.
) If o€ Part (B) then 2°M is canonically isomorphic to T™M.
3) PartB (B) = {0 } and s7 oM is canonically isomorphic to TBM.

Proof. All the assertions follow immediately from the definitions involved. We

note that the isomorphism of (2) is simply

=Y o0,-p,€ZM—>(p,-+-p ) e T"M

i=1
Definition A. Let B be a nonnegative integer. Let o € Part(B).
1) ,Vglo) =19, ) € vl DeIM =,V |2 M.
() 5 (a) ={(9, x) 653|§) € 27 M} —‘éBIZ“
(3) 583(0) =19, %) B, eZTM =B 5l M.

An immediate consequence of Lemma 4 and Definition A is

Lemma 5. Let B be a nonnegative integer. Then
1) Vg = (disjoint) Uy eparun) »8 (o)

2) 55 (disjoint) UO'EPart(B)(éB
(3) By =9 gloy) udisjoint) Uy epary(B)-fo o} Bglo)

We now get

Theorem 5. Let B, n be positive integers with 1 <n< B or B=n=0. Sup-
pose o € Part_(B) (or o € Part(0) if B =0). Then

(1) 5 (0) is isomorphic to IT"M and thus bas the structure of a complex
analytic vector bundle with base space T"M and fiber C3&8-3+7_ Fyrihermore
9 glo,) is a dense open subset of Bg.

(2) 2B (0) is a complex anulytzc subvariety of 5 (0) and VB(OO) is dense

Vg wbzle if o# % p Vg (0) is nowbere dense in pV

(3) VO(O) = {regular points of Vg (0)} is @ complex analytic submanifold of
£ 5lo sucb that

(disjoint) ) ,Va C ,Vaa)
DeZ M

Furthermore if B <3g — 2 then dim pVBO(a) =3g—3+B andif B<2g—2 then
( pV%(a)) =32M where m: S'}B(a) — 27 M is the natural projection map.

Proof. We assume B # 0 as the case of B =0 is trivial.
Proof of (1). By the construction of 53(0) we see that the canonical isomor-
phism of S°M and T™M of Lemma 4(2) induces in turn a canonical isomorphism
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of § glo) and %nIT"M. However, by Lemma 3(3), this shows 9 ;(0) has the desired
bundle structure. Furthermore in the proof of Lemma 4 we note that TBM is a
dense open subset of SBM and therefore $ B(UO) = S§B|TBM = %BITBM is in fact
also a dense open subset of %B'

Proof of (2). We begin with a lemma.

Lemma 6. Suppose x € M. Then there exists a neighborhood U, of x in M
and holomorphic functions f, g on U (into T(M, M(k?)), the space of meromorphic
quadratic differentials on M) such that, for p € U,

(1) f(p) € (M, O(KZ{,;)) and if we consider T'(M, O(Kzéi)) as the space of
quadratic differentials q with div(q) > —2-p then [(p) has the expansion[(p)z) =
1/2% + a_ 1/z + (bolomorphic terms) in some neighborhood of p with uniformizer
z such that z(p) = 0.

(2) g(p) e (M, O(chp)) and under the identification T'(M, O(Kzé'p))w {mero-
morphic quadratic differential q with div(q) > — 1-p} g(p) has the expansion
a/z + (holomorphic terms) with a # 0; in some neighborhood of p with uniformizer

z such that z(p) = 0.

Proof of Lemma 6. By [17, p. 89] there exists a holomorphic bilinear differen-
tial A(p, 9)dzd{ on M (where z is a uniformizer at p, & a uniformizer at ¢) such

that if p is near g then locally as a function of z we can write
A(p, 9) = 1/[2(p) - 2(q)] % + holomorphic terms.

Now for any x € M let wdz be a holomorphic differential on M such that for some
neighborhood U _ of x in M, w does not vanish on U_. (Such a differential always
exists by [4, p. 120].) Then for any p € U, let

o()dé  Ap, 9wl(q) .
f(p) = Np, @) d=zdé o) = = ) dé*.
Then we immediately verify that f(p) is a quadratic differential in &(¢) such that
div(f(p)) > =2-p and [(p) has the expansion [(p)(&) = 1/E(g) + holomorphic
terms around £(p) = 0. Furthermore, since the genus of M is > 1, we can find
another holomorphic differential ¢ on M such that w and p are linearly indepen-
dent. Let

w(p)dz wl(q)dé
(p, q)dzd€ = det (u(p)dz y(q)drf) for p, g €M

Then by a simple calculation [17, p. 320] we see that 7(p, q) is a holomorphic
bilinear differential form with a zero of order 1 at p = g. Thus for any p € U,
let

g®) = Alp, P(p, ) dE?.
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We then see that as a function of £(g), g(p) is a quadratic differential with
div(g(p)) = — 1.p and with the expansion g(pX€) = a/£(g) + holomorphic terms
around £(p) = 0 where a £ 0.

We now finish the proof of (2).

Let 7 be a holomorphic projective connection on M. (For details see [12].)
Let (g, -- ) be a basis for the holomorphic quadratic differentials on M.
For any pomt p (pl ) € T"M pick neighborhoods U, of p in M and func-
tions / » 8y, ON U, sansfymg the conclusions of Lemma 6 Let U= a(U X+ eX Un)
(where a M” — S"M is the canonical projection). Suppose p is the isomorphism
of Lemma 4(2) p: 2°M < T"™M. Let U =p~ 1(@). Then for

i Z -D-p el

i=

—

and
+ -
(l’S)z(tl’.“’tn’sl’.”’SSg—3)€Cn 3g-3

let

n n
#(t,S,@):H-Z,l/z(l—rf)/pﬁZti-gp+Z s, 4;
=1 i i '

=1 1 =1

~.

Then plt, s, ) is a projective connection of type D on M (see [12] for definition
and properties of such connections). Furthermore under the isomorphism of

(M, @(K2¢®)) and C"+38~3 given by
n 3g-3
(t,s) eCm¥382 = 3" 4. ot Y s
i=1 i=1
we can consider p(t, s, 9) as a holomorphic function on 7~ U) = 53(0)|U. Now
by [12, Theorem 3] we have that if 0, is the Schwarzian differential operator
0,f=f"/f'=3/2(f"/')* and D is fixed then

pV,D:!{meromorphic solution space of the differential equation 6,f = ut, s, M

Thus
V 5(0)|U 2¢ {meromorphic solution space of 0,f = ut,s,®) and e Ul

However by the constructions in [12] we have that for a given 9 there exists a
polynomial A(rl.) € C[xl SEES 1 where (1<j< n) such that 02/ =ult,s, D) has a
meromorphic solution iff ’
A(r].)(llj_l(t, S, @),. ccy I”']," 2(t’ S, ) =0 for j=lyeee,m
-
(where u(t, s, 9) has the Taylor series expansion
(1-r% uf_l(t, $,9) o .
ut, s, ) = A + Z i, s, 9)z?
2 z i=0 i 1

2z i
i j
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where z is a uniformizer at b; and z,.(p].) = 0). But since p depends linearly on
(t, s) and holomorphically on 9 we see that for any j
A(r].)(pf_l(t, $,9), ..., #i. (t, s, 9)) = Kj(t, s, 9)
i-
for some function K , holomorphic in 9 and polynomial in (t, 0). Thus
K (t,s,9) isa holomorphlc function on 7~ 1(U) and

po(o)| U=ixen (V)] Ki(x)= 0 for j=1,++,n}.

Thus by [8, p. 86] A (0) is a complex analytic subvariety (not necessarily irre-

ducible though) of SQB(U) We note that our proof actually shows that if E[ ]M
B(o)

Uﬁ €Perm(n) E M (Whefe B(Ol’ ooy on)‘— (Uﬁ(l)’ LY O,B(n))) and lf pVB([O])

V |2 ]M Then V ([o]) is in fact itself an analytic variety. This follows
from the fact that K, (t, s, 9) can be considered as a function of 9 on U x+++x
U CM" rather than on U=p~ l(OL(U XoeeX Un)) However sloly is ]ust itself
1somorph1c to (M"/G) - @ (where G is some subgroup of Perm (n)) and thus
K. (t, s, 9) is in fact holomorphxc on (U; x--+x U )/GD slolu).

The other assertions in (2) then follow from Lemma 3 and the fact that = oM
is dense in SBM while 3°M is nowhere dense in SBM if o # 04

Proof of (3). (3) is a direct consequence of Theorem 3 of [12] (including the
remark at the end of Theorem 3) and the observation that if J(K) is the Jacobian

matrix of the map

(s, D) 5 (K (5, 9)yeee, K (1,5, D)

while, if for fixed 9, ](K'D) is the Jacobian matrix of the map

K
(l, S) ——®> (Kl("’ S, @)a ce ey Kn(l’ S, @))9
then

n > rank J(K) at 9 > rank J(Kgp),

and again by the remarks in the proof of Theorem 3 of [12] ‘in general’
rank J(Kg) = n (i.e. except on a proper analytic subvariety of C 3g=3+m),

Since our subvarieties pV (0) are contained in $(M) we can examine what

, does to elements of a fixed »VB (0). We begin by giving an alternative charac-

terization of j, which more clearly reveals its properties. So suppose U= {U w,l
represents a pro;ecuve structure in some »VB (0). Lift U to a projective cover
U={z"YU,), wyr} of M, the universal covermg surface of M, by means of the
natural projection : M — M. Since M is simply connected we have by [1, p. 215]
that the projective structure on M M represented by U has another representation

0= fVapa¥ where all the transition functions are identity maps. Thus the {pc}
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actually define a global mapping p: M — P. Furthermore as in [4, p. 217] there
exists a homomorphism p: nl(M) — PL (1, C) related to p by p(Tx) = p*(T) -plx)
for any x € Mand T € nl(M) (where we consider rrl(M) as a group of covering
transformations of M). Furthermore if U’ = {U wéf is a projective cover on M
projectively equivalent to 1, then if (p’, p,) are the corresponding maps associated
to U' we have p' =R op and p; =Rop, oR~!, for some R € PL(1, C). Thus to
any projective structure (U] in some pVB(O) we can associate a unique element
lp, (D] in Hom (7 (M), PL(1, C))/PL(1, C) (where PL(1, C) acts on

Hom (7, (M), PL (1, C)) by inner automorphism). However under the identification
of HY(M, PL(1,C)) with Hom (7 (M), PL (1, C))/PL(1, C) of [4, pp. 186; 185]

lp, ()] is simply j,((U]). Furthermore the identification of HY(M, PL(1, C))

with Hom (ﬂl(M), PL(1,C))/PL (1, C) provides H(M, PL (1, C)) with the struc-
ture of a quotient space of a complex analytic variety under a complex Lie group

of transformations acting on that variety. More explicitly the space
Hom (7, (M), PL (1, C€)) can be identified with the analytic subvariety R of the
complex manifold (PL (I, C) 28 (where g = genus of M) given by

R={(Syseees Sy Tyseres T ) € (PL(LCN LS, T oI5, Ty] =21

(where [S, T1=STS~1T=1). PL(1, C) then is a complex Lie group transforming
R into itself by G- (Sl’ ceey Tg) — (GSIG"I, ceey GTgG-l). If instead of looking
at R/PL(1, C) we let R0 be the regular points of R and examine

HY(M, PL(1, C))O = RO/PL(I, C) we find it is in fact a complex analytic submani-
fold of H'(M, PL(1, C)) of complex dimension 6g — 6. For more details on the
structure of HY(M, PL (1, C)) and especially for a proof of the last statement see
(31, [5, pp. 193-1951.

We now have

Theorem 6. P(M) is the disjoint union of the complex analytic varieties
pVB(O) for all nonnegative integers B and all o € Part(B). For any such
A

i |po(a) — HI(M, PL(1, C)) is holomorpbic.

Furtbermorle if V= UOgjgg—Z V,, then j, is injective on [V U V, _, and
i,(,V) CH (M, PL(1, ©),.

Proof. The injectivity of j, on NS CPp is a simple consequence of
Theorem 3 while the structure of P(M) as a disjoint union of the pVB(a) is obvious.
To show j2| VB(O) is holomorphic it suffices (by the discussion preceding the
theorem) to show that [p*ﬂl)] depends holomorphically on (ul e pVB(O)‘ However
noting the discussion in [14, Chapter 6] it suffices to show that [p(W)] depends
holomorphically on [U]. But locally the map p[U] is given by Taj ow, om for
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some T, € PL(1, C) and some a. Thus it suffices to show that the maps {w,}
of U depend holomorphically on the points in some open subset of V (o). How-

ever the maps {w,} arise precisely as solutions of the equation

{sza = ua(t, s, M for (t, s, e pVB(a)’

where {ya(t, s, 9) is the projective connection corresponding to the structure fuj
under the identification of [12, Theorem 3]. But by the proof of Theorem 5 we see
that p, depends holomorphically on the points (t, s, 9) in some open subset
N[y of pVB(a). Thus by [2, Chapter 7] the {w,}'s also depend holomorphically
on the points in N[y] and so j, is holomorphic on VB(G) as claimed.

To conclude our proof we must show that jZ(pV) C H'(M, PL (1, C))O. However,
by [3], [5, p. 184], it suffices to show that if ® € jz(pV) then @ is irreducible.
However if ¢ € jz( V), ® must have a nonlocally flat meromorphic cross-section
w, with B(w_) <2g — 4. But then as the following lemma shows ® must be irre-
ducible.

Lemma 7. Suppose ¢ is an indigenous affine bundle with a nonlocally con-
stant meromorphic cross-section w . Then for some m >0, B(wa) =2g—-24+2m
(with m = 0 implying that w is holomorphic).

In particular if Y is an indigenous projective bundle with a nonlocally con-
stant meromorphic cross-section v, such that B(va) <2g -2 then Y is irre-
ducible.

Proof. Let ¢, w, be as in the hypothesis and form the branched affine cover
{U,» w,} on M. We then have that the class divisor x of {U,, w,} can be written

in the form
j=n o
MUy = F (=10, 3 (Vk_n.sk

(for distinct points P, s,, and integers 7,22 and v, <~1). We then have

Bw,) = B, w,) = 3 (-~ 1)+ fj (vl - 1)
j=1 k=1

=]in(r.—l)+ Z (vk—-l)—Z i v
j=1 7 k=1

But by [12, Proposition 4] we have that

3 (r].—l)+kzz:l (v, -1 =2¢-2

=1

-.

and in addition 2‘,;1 v, <0 so letting m = —E‘,:._.l v, we get Blw)=2g~-2+2m
(m a nonnegative integer). Clearly m = 0 if and only if 0 = 0 in which case w,

is holomorphic.
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The latter part of the lemma then follows immediately upon noting that the
reducibility of ¢ implies its equivalence to an affine bundle ' for which v,
would still be a cross-section.

7. Analytic structure of regular affine structures. We now turn to the branched
affine structures on M. We restrict ourselves to the case of regular affine struc-

tures [see $2 for definition]. We let

= {space of affine structures of class O on M}
for any 9 € s2e=2y,

Vg2 = 1@, D €528y and x e VI CAM.

Noting that H 1(M, GA (1, C)) can be given a complex structure in a manner entirely
analogous to that of H!(M, PL(1, C)) we have

Theorem 7. Vi,-7 can be given the analytic structure of 528=2M x CE so
that jllavzg_2 — H1(M, GA (1, C)) is an injective holomorphic map.

Proof. We recall by [12] that if X € S282M then V" can be identified with
the affine connections of class ) (where an affine connection 7 on M is of class
X = 2iZ7 %, +p, iff 7 has a pole of order 1 at p, with Res (r) =x, for 1 <i<n)
Furthermore 1f b is an affine connection of class X then th + ) 6 (M, O(K))} =
b+ (M, O1:9) is the totality of such connections. Thus if ¢ ,-++, ng are a

basis for the holomorphic differentials on M, we have
X izg
WV z{b AT OREAL ce},
i=

Since the ¢ are independent of X and since if b is an affine connection of class
X, and & is an affine connection of class x, and b =k then x; = X, it suf-
fices to show there exists a global holomorphic function » on 528=2M such that
for x € s2e-2 hy is an affine connection of class x. So suppose X = (sy9--
szg_z) € S28=2M. For any point r € M let D (s, be an abelian differential of
the second kind on M with a pole of order 1 and residue — 1 at s_, a pole of
order 1 and residue + 1 at r and holomorphic elsewhere. (If r = s, we assume
D505 is of the first kind.) By [17] such differentials exist and are holomorphic
in their dependence on 7 € M. Now let 7 be an affine connection of class x on
M (r exists by [12, Proposition 4]). For any point 9= (pl, cey ng-z) €
$28=2) let

2g=-2
b,D_—_r+ z Os p.)
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Then a simple calculation shows that %'D is an affine connection of class 9 on
M (by [12, Lemma 1]) and by its definition is holomorphic on §28=2M, (We note

that the structure of S2872M x C#€ induced on V

aV2g-2 18 done so in a highly non-

canonical fashion.)

The proof that jl|aV2g_2 is holomorphic is identical to the similar proof for
j2|pVB(0) of Theorem 6 while the injectivity is simply a restatement of Corollary
4.1. We note that if g =2 then since by [5, p. 196] dim H'(M, GA (1, C)) = 4 — 4
=4 and dim aVZg_z =2g—-2+g=3g—2=4 we have that Int jl(a\/zg_z) is a
nonempty open subset of HY(M, GA(1,C)). Ina forthcoming article we hope to use
the structure of jl(aVZg—Z) to study H!(M, GA(1, C)).
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